














25

151

05F)

Figure 5: Kernel densities of the realized volatility of the portfolio (red dashed line), density of a Ga(Kr /2, 2w'E(00)w)
where K denotes the degrees of freedom estimated via the gamma distribution (blue line) and density of a gamma distribu-
tion (green dash-dot line) with K estimated as in Gourieroux et al. (2007) [left-hand panel]. Kernel densities of the realized
volatility of the portfolio (red dashed line), gamma (blue line) and log-normal (black dash-dot) distribution fitted to the
series [right-hand panel].

and Laurent (2004), that, to our knowledge is the only paper, along with that by Andersen et al. (2003),
Clements et al. (2008) and Brownlees and Gallo (2008), to deal with VaR and realized volatility.

A series of asset returns 74, ¢t = 1,...,T, known to be conditionally heteroskedastic, is modeled as
follows:

Ty = Ut T+ € (32)

€& = Ol (33)

pe = c(n|Q-1) (34)

or = h(n|Q1), (35)

where ¢(-,Q: 1) and h(,Q; 1) are functions of Q; ; (the information set at time ¢ — 1), and depend
on an unknown vector of parameters 7; v; is an independent and identically distributed (i.i.d.) process,
independent of Q; ;, with E[x;] = 0 and E[v}] = 1. u; is the conditional mean of r; and o; is its
conditional variance. In our setting we assume, for simplicity, a constant mean for all the assets in our
portfolio. In particular, if r; represents the return of the portfolio, u: = p and for the (realized) variance
of the portfolio we have:

RV, = v'Yw, (36)

where w are the portfolio weights as previously chosen. To compute one-day-ahead forecasts for the VaR
of the daily return r; using the conditional realized volatility, we re-estimate the model in Eq. (32) with
constant conditional mean while the conditional variance is proportional to RVj; 1, the one-step-ahead
forecast of the realized volatility of the portfolio; i.e. o7 = ozRV}‘t,l(With o2 being an additional parameter
to be estimated). o2 is used to ensure that the rescaled innovations have unit variance.

We used the same forecasting period as in the previous section. For each model we computed the

one-day-ahead variance and then the one-day-ahead forecast of the VaR. A Gaussian distribution and
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a Student’s ¢ distribution were used to model the residuals z;. Table 10 presents the performances of
the different models in terms of VaR predictions. Forecasts of VaR at level p = 1%,5% and 10% were
computed. For each model and distribution for v, we reported the percentage of violations, i.e. the
percentage of times that the realized return is smaller that the forecasted VaR. A good density forecast
should satisfy two criteria. First, for a given VaR level p, the percentage of violations should be p. Second,
violations should conditionally unpredictable, i.e. a violation of nominal p; VaR today should convey no
information as to whether nominal p, percent VaR will be violated tomorrow.

To check the robustness of the different WAR models in this VaR forecast evaluation, we also report
in Table 10 the p-values of the test proposed in Berkowitz (2001) to evaluate a density forecast. This
test relies on the fact that for a given daily return ry, if the series of one-day-ahead conditional density
forecasts ft‘t,l(rt) coincides with f(r:,I; 1), it then follows under weak conditions that the sequence of

probability integral transformation of r; with respect to ]?t\t—l(')

g = / " Fa(s)ds = B(re) (37)

should be i.i.d. uniformly distributed on (0,1). This transformation was first presented in Rosenblatt
(1952).
If the series of u; is distributed as an i.i.d. U(0,1), then

2 =31 [/ fttl(s)ds} is an i.i.d. N(0,1).

Once the series has been transformed, it is straightforward to calculate the Gaussian likelihood and con-
struct the likelihood ratio (LR) statistics.

In particular, Berkowitz (2001) suggested a test that allows the user to intentionally ignore model
failures that are limited to the interior of the distribution; the proposed LR test is based on a censored
likelihood: the tail of the forecasted density is compared with the observed tail.

First, for different values of p the desired cutoff point VaR = & 1(p) is computed. Then we define the
new variable of interest as

*
zZy =

VaR if 2z > VaR
z, if 2z < VaR.

The log-likelihood function for joint estimation of x and o2 is

Lipolz) = 3 logé(ﬁ(‘z;;#)—l— S 1og(1—¢>(@>> (38)

z*<VaR z*=VaR

B 1 5 1, ., 5 VaR — u

= Z (Elog(27ra ) — %(zt — ) ) + Z log (1 -9 (T . (39)
z*<VaR z*=VaR

To construct the LR test the null hypothesis requires that u = 0, 0? = 1. Therefore the restricted
likelihood L(0,1) is compared to the unrestricted one, L(f,5%). The test statistic is then

LR = —2(L(0,1) - L(3,6%)) (40)

Under the null hypothesis, the test statistic is distributed x2(2).
Table 10 reports, for the different models considered and different assumptions for the residuals, the

percentage of violations along with the p-value of the Berkowitz's test.
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Table 10: VaR failure rate and Berkowitz (2001) test’s p-value

10% 5% 1%
full WAR(1) N 0.1072 0.0490 0.0230
(0.6608) (0.7038) (0.8174)
t 0.1041 0.0490 0.0230
(0.8137) (0.8508) (0.9446)
block diagonal WAR(1) N 0.1041 0.0521 0.0245
(0.6441) (0.6865) (0.7984)
t 0.1026 0.0505 0.0245
(0.7836) (0.8209) (0.9157)
restr. block diag. WAR(1) N  0.1057 0.0536 0.0245
(0.6677) (0.7093) (0.8184)
t 0.1041 0.0521 0.0245
(0.7991) (0.8341) (0.9220)
diagonal WAR(1) N  0.1057 0.0521 0.0245
(0.6705) (0.7121)  (0.8208)
t 0.1041 0.0505 0.0245
(0.7988) (0.8337) (0.9214)
restr. diag. WAR(1) N  0.1057 0.0521 0.0245
(0.6664) (0.7080) (0.8168)
t 0.1041 0.0505 0.0245
(0.7980)  (0.8329)  (0.9208)
full HAR-WAR N 0.1103 0.0658 0.0291
(0.0697) (0.0800) (0.1112)
t 0.1087 0.0658 0.0260
(0.1393)  (0.1574) (0.2104)
block diag. HAR-WAR N 0.1133 0.0536 0.0260
(0.2612) (0.2898) (0.3711)
t 0.1133 0.0536 0.0245
(0.3929) (0.4292) (0.5297)
restr. block diag. HAR-WAR N  0.1149 0.0551 0.0245
(0.3722)  (0.4076) (0.5057)
t 0.1149 0.0551 0.0245
(0.4991)  (0.5392) (0.6474)
diagonal HAR-WAR N 0.1118 0.0475 0.0245
(0.4440) (0.4831) (0.5900)
t 0.1103 0.0475 0.0245
(0.5716) (0.6141) (0.7281)
restr. diag. HAR-WAR N 0.1133 0.0475 0.0245
(0.3707)  (0.4065) (0.5063)
t 0.1133 0.0475 0.0245
(0.5333) (0.5751) (0.6881)
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The relative number of violations is close to the theoretical one and assuming a ¢ distribution for the
residuals does not really improve the forecasting performances. For all the proposed specifications of the
WAR model, the Berkowitz test does not reject the null hypothesis of appropriateness of the forecasted
densities. Therefore all the models provide acceptable VaR forecasts. For the 1% VaR level, the results are
somewhat surprising. The percentage of VaR violations is, for all the specifications, around 2.4% in front
of a theoretical value of 1%. However, the p-values of the Berkowitz test are all higher than the rejection
threshold of, say, 5%. This might be explained by the fact that the test proposed by Berkowitz is not a
pointwise evaluation of the VaR violations, but rather analyzes the entire forecasted densities, or, in our
case, the left tail of the distribution.

Besides the good forecasting performances of the proposed models, we want to stress the fact that
there is no notable difference in the forecasting ability of the different specifications. Therefore, a very
parsimonious (and thus quick to estimate) model like the restricted diagonal WAR is sufficient to model

the riskiness of our portfolio.

6 Conclusions and direction for future research

In this paper we proposed a particular set of restricted specification of the WAR model for realized
(co)variances. Our specifications rely on the ability to group assets according to some criterion, for example
the economic sector, a common feature in the variance-covariance dynamics, and so on. This allowed us to
drastically reduce the number of parameters. A comparison between the different specifications highlighted
that there is no loss when a more parsimonious model is chosen. This is essentially due to the fact that
the restricted model was justified by the data.

However, some aspects of the WAR process need to be clarified. In particular, the degrees of freedom
seem to vary through time and it is not clear by which variables they are driven.

A straightforward extension of the present work involves applying the WAR model to solve concrete
financial problems like dynamic portfolio choice, for instance.

This and other applications of the WAR model are left for future research.
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A Appendix

A.1 Relation between Wishart and gamma distribution

This proof follows the one in the Technical Appendix in Meucci (2005).

If Y is a Wishart distribution, then for any comfortable matrix A we have

AYA! = AX XA+ -+ AXXKA' (41)
= ZhZy+ -+ ZxZg (42)
~ W(K,AXA') (43)
since
X¢ ~ N(0, X) (44)
and
Zi = AX; ~N(0,AXA"). (45)

By taking a row vector, i.e. A = a’, each term in the sum is normally distributed as follows:

Zy = a'Xy ~ N(0,a'Xa). (46)

Now, for any random variable
yi ~ N(0,0%) (47)

the gamma distribution with K degrees of freedom is defined as the distribution of the following variable:

=1y + - +yk ~ Ga(K/2,20%). (48)
and has p.d.f. of the form!®
1 2
K/2.9 2y — K/2—1 _z/20 ] 49
f($| / )40 ) (20_2)K/21—\(K/2)$ e ( )
Therefore from (48)
a'Ya ~ Ga(K/2,2(a'Xa)). (50)

Note that in Meucci (2005) we have a’Ya ~ Ga(K, (a'3a)), because a different parametrization of the

gamma distribution is used.

A.2 Estimation of the degrees of freedom for a general WAR(p) process

We present here a way to derive the estimator of the degrees of freedom K in a general WAR(p) process.
Differently from Chiriac (2007), we do not rely on the interpretation of a WAR process in terms of a
Gaussian VAR process; in fact, for a WAR(p) process with p > 1 this interpretation is no longer valid
(see Gourieroux et al., 2007). Instead, we use the fact that any portfolio of Wishart-distributed matrices

follows a gamma distribution, as shown in the previous section.

10Recall that if z ~ Ga(a,b), then f(z|a,b) = b“l'%(u.) 2@ len/b
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Let Y; € R™ x R™® be a WAR(p) process:

p
E[Yi|ly 1] =Y M;Y: ;M}+ KX. (51)
j=1
where [;_; is the information set available up to time ¢ — 1.
Under stationary conditions, the unconditional mean of the process, F [Y;], is obtained using the law
of iterated expected values:

p
BIYi| = BBVl 1] = 3 M;B[Yi,] M, + K% (52)
j=1
As the unconditional distribution of any WAR(p) process is a centered Wishart distribution, applying

the definition of centered Wishart distribution, we can write:

K
Y; = Z 2kt 2 1) (53)
k=1
where 2 e N(0, Z(00)).
From (53) we have that
K
E[Y; = Z E [zr12), 4
k=1
= KV [Zk,t]
= K%(o0). (54)

Combining this result with (53) and defining $*(c0) = K3(00) and ©* = K3 we get
P
5*(00) = > M;%*(00) M) + B* (55)
j=1
From (48) we know that, for any given vector w € R™

w'Yiw ~ Ga(K/2,2w'%(c0)w). (56)

Knowing the variance of a gamma-distributed random variable, we have

K
V [w'Yiw] = E(2w’2(oo)w)2. (57)
Y (c0) is not observable, but given the estimated matrices Mj, j =1,...,p and %* we can recover

31*(c0) that satisfies (55). Thus:

V[wYiw] = <2w' f]*}({oo) w) (58)

. 2
(w'E*(oo)w) . (59)
Therefore the estimated degrees of freedom are

2(w'5* (00)w)?

K = V [w'Yiw] (60)
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